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TWO PROPERTIES OF MU¨NTZ SPACES
TROND A. ABRAHAMSEN, ALEKSANDER LERAAND, ANDRE´ MARTINY,
AND OLAV NYGAARD
Abstract. We show that Mu¨ntz spaces, as subspaces of C[0, 1], contain
asymptotically isometric copies of c0 and that their dual spaces are octahedral.
1. Introduction
Let Λ = (λk)
∞
k=0 be a strictly increasing sequence of non-negative real numbers
and let M(Λ) = span{tλk}∞k=0 ⊂ C[0, 1] where C[0, 1] is the space of real valued
continuous functions on [0, 1] endowed with the max-norm. We will call M(Λ)
a Mu¨ntz space provided
∑∞
k=1 1/λk < ∞. The name is justified by Mu¨ntz’
wonderful discovery that if λ0 = 0 thenM(Λ) = C[0, 1] if and only if
∑∞
k=1 1/λk =
∞.
It is well known that C[0, 1] contains isometric copies of c0 (see e.g. [2, p. 86]
how to construct them) and that its dual space is isometric to an L1(µ) space
for some measure µ. The aim of this paper is to demonstrate that Mu¨ntz spaces
inherit quite a bit of structure from C[0, 1] in that they always contain asymp-
totically isometric copies of c0, and that their dual spaces are always octahedral.
(An L1(µ) space is octahedral. See below for an argument.) Let us proceed by
recalling the definitions of these two concepts and put them into some context.
Definition 1.1. [4, Theorem 2] A Banach space X is said to contain an asymp-
totically isometric copy of c0 if there exist a sequence (xn)
∞
n=1 in X and constants
0 < m < M <∞ such that for all sequences (tn)
∞
n=1 with finitely many non zero
terms
m sup
n
|tn| ≤
∥∥∥∥∥
∑
n
tnxn
∥∥∥∥∥ ≤M supn |tn|,
and
lim
n→∞
‖xn‖ =M.
R. C. James proved a long time ago (see [9]) that X contains an almost iso-
metric copy of c0 as soon at is contains a copy of c0. Note that containing an
asymptotically isometric copy of c0 is a stronger property, see e.g. [4, Example 5].
Definition 1.2. A Banach space X is said to be octahedral if for any finite-
dimensional subspace F of X and every ε > 0, there exists y ∈ SX with
‖x+ y‖ ≥ (1− ε)(‖x‖ + 1) for all x ∈ F.
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This concept was introduced by Godefroy in [6], and there also the following
result can be found on page 12 (see also [8] for a proof of it):
Theorem 1.3. Let X be a Banach space. Then X∗ is octahedral if and only if
every finite convex combination of slices of BX has diameter 2.
By a slice of BX we mean a set of the form
S(x∗, ε) := {x ∈ BX : x
∗(x) > 1− ε, ε > 0, x∗ ∈ SX∗}.
When we show that the dual of Mu¨ntz spaces are octahedral we will use
Theorem 1.3 and establish the equivalent property stated there. Note that an
L1(µ) space is octahedral. Indeed, the bidual of such a space can be written
L1(µ)
∗∗ = L1(µ) ⊕1 X for some subspace X of L1(µ)
∗∗ (see e.g. [7, IV. Exam-
ple 1.1]). From here the octahedrality of L1(µ) is a straightforward application
of the Principle of Local Reflexivity.
We do not know of much research in the direction of our results. But we would
like to mention a paper of P. Petra´cˇek ([10]), where he demonstrates that Mu¨ntz
spaces are never reflexive and asks whether they can have the Radon-Nikody´m
property. Since the Radon-Nikody´m property implies the existence of slices of
arbitrarily small diameter, we now understand that Mu¨ntz spaces rather belong
to the “opposite world” of Banach spaces.
2. Results
Definition 2.1. We will say that a strictly increasing sequence of non-negative
real numbers (λk)
∞
k=0 has the Rapid Increase Property (RIP) if λk+1 ≥ 2λk for
every k ≥ 0.
We will call a function of the form
p(x) = xα − xβ,
where 0 ≤ α < β, a spike function.
Remark 2.2. If α > 0 it should be clear that any spike function p satisfies p(0) =
p(1) = 0, attains its norm on a unique point xp, is strictly increasing on [0, xp],
and strictly decreasing on [xp, 1].
We will need the following result below.
Lemma 2.3. Let (λk)
∞
k=0 be an RIP sequence and (pk)
∞
k=0 the sequence of corre-
sponding spike functions pk(x) = x
λk − xλk+1. Then infk ‖pk‖ ≥ 1/4. Moreover,
the sequence (pk/‖pk‖)
∞
k=1 converges to 0 weakly in M(Λ).
Proof. We want to find the norm of the spike function defined by
pk(x) = x
λk − xλk+1 .
Observe that rk(x) := x
λk − x2λk ≤ pk(x) for all x ∈ [0, 1]. Now, by standard
calculus, rk attains its maximum at xk where xk
λk = 12 . Thus
‖pk‖ ≥ rk(xk) =
1
2
− (
1
2
)2 =
1
4
.
As (pk)
∞
k=1 converges pointwise to 0 and infk ‖pk‖ ≥ 1/4, the sequence (pk/‖pk‖)
∞
k=1
converges pointwise to 0 and thus weakly to 0 as it is bounded. 
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Remark 2.4. By standard calculus one can show that the point at which pk in
Lemma 2.3 obtains its norm is x¯k = (λk/λk+1)
1/(λk+1−λk). For sufficiently large
λk (e.g. for λk > 3) it is straightforward to show that
x¯k ≥ 1/(λk+1 − λk)
1/(λk+1−λk) =: yk.
(yk) is strictly monotone, and converges to 1.
Theorem 2.5. The dual of any Mu¨ntz space is octahedral.
Proof. Let M(Λ) be a Mu¨ntz space. Let
C =
n∑
j=1
µjS(x
∗
j , εj),
where
∑n
j=1 µj = 1, µj > 0, and S(x
∗
j , εj), 1 ≤ j ≤ n, is a slice of BM(Λ). We will
show that the diameter of C is 2 (cf. Theorem 1.3). To this end, start with some
f ∈ C and write f =
∑n
j=1 µjg
j , where gj ∈ S(x∗j , εj). Let (λk)
∞
k=0 be an RIP
subsequence of Λ and put
hj+k = g
j + (1− gj(xk))
pk
‖pk‖
hj−k = g
j − (1 + gj(xk))
pk
‖pk‖
where (pk)
∞
k=0 is the sequence of spike functions corresponding to (λk)
∞
k=0 and xk
the (unique) point where pk attains its norm. We will prove that, for any ε > 0,
there exists a K = K(ε) such that whenever k ≥ K we have 11+εh
j+
k ,
1
1+εh
j−
k ∈
S(x∗j , εj) for every 1 ≤ j ≤ n. Then, clearly
1
1 + ε
n∑
j=1
µjh
j±
k ∈ C,
and∥∥∥∥∥∥
1
1 + ε
n∑
j=1
µjh
j+
k −
1
1 + ε
n∑
j=1
µjh
j−
k
∥∥∥∥∥∥
≥
1
1 + ε


n∑
j=1
µj [h
j+
k (xk)− h
j+
k (xk)]

 = 2
1 + ε
.
for all k ≥ K. Since ε is arbitrary, we can thus conclude that C has diameter 2.
To produce the K = K(ε) above, note that hj±k converges to g
j pointwise, and
thus weakly since the sequences are bounded. As Uj := {x ∈ M(Λ) : x
∗
j(x) >
1 − ε} is weakly open, each sequence (hj±k )
∞
k=0 enters Uj eventually. Since there
are only a finite number of sets Uj , this entrance is uniform. So, what is left to
prove is that for ε > 0 there exists K such that ‖hj±k ‖ ≤ 1 + ε whenever k ≥ K.
Now, let ε > 0. Combining Remark 2.2, Remark 2.4, that (pk/‖pk‖)
∞
k=1 con-
verges pointwise to 0, and the continuity of gj , we can find K ∈ N such that for
all k ≥ K there are points 0 < ak < xk < bk < 1 such that
pk(x)
‖pk‖
> ε⇔ x ∈ (ak, bk),
sup
u,v∈(ak ,bk)
|gj(u)− gj(v)| < ε, j = 1, . . . , n.
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We will see that this K does the job for the given ε > 0: Let k ≥ K and suppose
x 6∈ (ak, bk). Then
|hj+k (x)| =
∣∣∣∣gj(x) + (1− gj(xk))
pk(x)
‖pk‖
∣∣∣∣ ≤ |gj(x)|+ 2ε ≤ 1 + 2ε.
If x ∈ (ak, bk), observe that
|hj+(x)| ≤
∣∣∣∣gj(x) + (1− gj(x))
pk(x)
‖pk‖
∣∣∣∣+ |gj(x)− gj(xk)|
pk(x)
‖pk‖
<
∣∣∣∣gj(x) + (1− gj(x))
pk(x)
‖pk‖
∣∣∣∣+ ε.
Now, if gj(x) ≥ 0, then
∣∣∣∣gj(x) + (1− gj(x))
pk(x)
‖pk‖
∣∣∣∣ ≤ gj(x) + (1− gj(x)) = 1.
If gj(x) < 0 and gj(x) + (1− gj(x))pk(x)/‖pk‖ ≥ 0, then
∣∣∣∣gj(x) + (1− gj(x))
pk(x)
‖pk‖
∣∣∣∣ ≤ gj(x) + (1− gj(x)) = 1.
If gj(x) < 0 and gj(x) + (1− gj(x))pk(x)/‖pk‖ < 0, then
∣∣∣∣gj(x) + (1− gj(x))
pj(x)
‖pk‖
∣∣∣∣ ≤ |gj(x)| ≤ 1.
In any case we have for k ≥ K and x ∈ [0, 1] that |hj+k (x)| ≤ 1+2ε. The argument
that ‖hj−k ‖ ≤ 1 + ε is similar. 
Theorem 2.6. Mu¨ntz spaces contain asymptotically isometric copies of c0.
Proof. We will construct a sequence (fn)
∞
n=1 ⊂M(Λ) and pairwise disjoint inter-
vals In = (an, bn) ⊂ [0, 1] such that for all n ∈ N
(i) fn(x) ≥ 0 for all x ∈ [0, 1],
(ii) ‖fn‖ = 1− 1/2
n,
(iii) bn < an+1
(iv) fn(x) > 1/2
2n ⇔ x ∈ In,
(v) fn(x) < 1/2
2m whenever m ≥ n and x ∈ Im.
To this end choose a subsequence of Λ with the RIP (which is possible as∑∞
k=1 1/λk < ∞). For simplicity denote also this subsequence by (λk)
∞
k=0.
Let (pk)
∞
k=1 be its corresponding sequence of spike functions, and let xk be the
(unique) point in (0, 1) where pk obtains its maximum.
Now, start by letting k1 = 1 and put
f1 = (1− 1/2)
pk1
‖pk1‖
.
Using continuity and properties of p1, we can find an interval I1 = (a1, b1) such
that 0 < a1 < b1 < 1 and f1(x) >
1
22
⇔ x ∈ I1. By construction f1 satisfies the
conditions (i) - (iv).
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To construct f2 we use Lemma 2.3 and Remarks 2.2 and 2.4 to find k2 ∈ N
and an interval I2 = (a2, b2) with b1 < a2 < b2 < 1 such that
x ∈ I2 ⇔ pk2(x) >
1/24
1− 1/22
‖pk2‖,
x ∈ I2 ⇒ pk1(x) ≤
1
24
.
Let
f2 = (1− 1/2
2)
pk2
‖pk2‖
.
By construction f1 now satisfies condition (v) form ≤ 2 and f2 satisfies conditions
(i) - (iv).
To construct f3 we use Lemma 2.3 and Remarks 2.2 and 2.4 again to find
k3 ∈ N and an interval I3 = (a3, b3) with b2 < a3 < b3 < 1 such that
x ∈ I3 ⇔ pk3(x) >
1/26
1− 1/23
‖pk3‖,
x ∈ I3 ⇒ pkj(x) ≤
1
26
for j = 1, 2.
Let
f3 = (1− 1/2
3)
pk3
‖pk3‖
.
By construction f1 and f2 now satisfy condition (v) for m ≤ 3 and f3 satisfies
conditions (i) - (iv). If we continue in the same manner we obtain a sequence
(fn)
∞
n=1 ⊂ M(Λ) and a sequence of intervals In = (an, bn) which satisfies the
conditions (i) - (v).
Now we will show that (fn)
∞
n=1 satisfies the requirements of Definition 1.1. To
this end we need to find constants 0 < m < M <∞ such that given any sequence
(tn)
∞
n=1 with finitely many non zero terms
(1) m sup
n
|tn| ≤ ‖
∑
n
tnfn‖ ≤M sup
n
|tn|
and
(2) lim
n→∞
‖fn‖ =M
We claim that (1) and (2) holds with m = 14 and M = 1. First observe that
we have limn→∞ ‖fn‖ = 1 immediately from the requirements, so (2) holds for
M = 1. In order to prove the two inequalities in (1), let (tn)
∞
n=1 be an ar-
bitrary sequence with finitely many non zero terms. First we will prove that
1/4 supn |tn| ≤ ‖
∑
n tnfn‖. We can assume by scaling that sup |tn| = 1. Since
(tn)
∞
n=1 has finitely many non zero terms, its norm is attained at, say, n = N , i.e.
|tN | = 1. Put xN = xkN where xkN is the point where pkN and thus fN attains
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its norm. Then
‖
∑
n∈N
tnfn‖ ≥ |tNfN (xN )| − |
∑
n 6=N
tnfn(xN )|
≥ 1−
1
2N
−
∑
n 6=N
|fn(xN )|
> 1−
1
2N
−
1
4
≥
1
4
.
We conclude that the left hand side of the inequality (1) holds. Now we will
show the right hand side of this inequality holds, i.e. we want to prove that
|
∑
n tnfn(x)| ≤ 1 for all x ∈ [0, 1]. Since fn ≥ 0 for all n = 1, 2, . . . , we may
assume that every tn is positive. Now, if x 6∈ ∪n(an, bn), we have
∑
n
tnfn(x) ≤
∑
n
fn(x) ≤
∑
n
1
22n
≤
1
3
.
If, on the other hand x ∈ (an′ , bn′) for some n
′ ∈ N, then∑
n
tnfn(x) ≤ fn′(x) +
∑
n<n′
fn(x) +
∑
n>n′
fn(x)
≤ 1−
1
2n′
+
n′ − 1
22n′
+
1
22n′
≤ 1 +
n′ − 2n
′
22n′
≤ 1−
1
22n′
< 1.
These combined yields the right hand side of the inequality (1), so the proof is
complete. 
A Banach space X contains an asymptotically isometric copy of ℓ1 if it contains
a sequence (xn)
∞
n=1 for which there exists a sequence (δn)
∞
n=1 in (0, 1), decreasing
to 0, and such that
m∑
n=1
(1− δn)|an| ≤ ‖
m∑
n=1
anxn‖ ≤
m∑
n=1
|an|
for each finite sequence (an)
m
n=1 in R.
Merging ([5, Theorem 2]) and [1, Lemma 2.3] gives us that if either the Banach
space X contains an asymptotically isometric copy of c0 or if X
∗ is octahedral,
then X∗ contains an asymptotically isometric copy of ℓ1. So, we have two ways
of proving
Corollary 2.7. M(Λ)∗ contains an asymptotically isometric copy of ℓ1.
Moreover, we have
Corollary 2.8. M(Λ)∗∗ contains an isometrically isomorphic copy of L1[0, 1].
Proof. This follows from Corollary 2.7 and [3, Theorem 2]. 
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